THE PROBLEM OF IDEALS OF H°°: BEYOND THE EXPONENT 3/2 
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Abstract. The paper deals with the problem of ideals of H°°: describe increasing functions 
(/p > such that for all bounded analytic functions /i, /2, . . . , /n, t in the unit disc D the 
condition 

\r{z)\<^(^i^\h{z)\'y"^ V^eD 

implies that r belong to the ideal generated by /i, /2, . . . , /n, i.e. that there exist bounded 
analytic functions g\,g2, ■ ■ ■ , g-n such that /feflfe = t- 

It was proved earlier by the author that the function <^(s) — does not satisfy this 
condition. The strongest known positive result in this direction due to J. Pau states that 
the function ^p{s) = s^/((lns~^)^''^ Inlns"^) works. However, there was always a suspicion 
that the critical exponent at lns~^ is 1 and not 3/2. 

This suspicion turned out (at least partially) to be true, 3/2 indeed is not the critical 
exponent. The main result of the paper is that one can take for tp any function of form 
= s'^-!/'(ln where tp : R+ R+ is a bounded non-increasing function satisfying 
Jq°° ijj^x) dx < oo. In particular any of the functions 

ip{s) = sV((lns~^)(lnlns~^) . . . ( In h^ . . In ( In In^ . . In ^+^) , e > 

m times m+l times 

works. 
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Notation 

D open unit disk in the complex plane C, ID := {z € C : \z\ < 1}; 

T unit circle, T := dB = {z £ C : \z\ = 1}; 

m normalized (m(T) = 1) Lebesgue measure on the unit circle, dm = 

dA area measure on C; 

d,d d and (9-operators, d = \{-§^ - B = ^(^ +^^); 
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A "normalized"' Laplacian, A = dd == ^(^^ + ^j); 

H^, H°° Hardy classes of analytic functions, 

HP := |/ G LP{T) : />) := jj{z)z-^\^ = for A; < o| . 

Hardy classes can be identified with spaces of analytic in the unit disk D func- 
tions: in particular, H°° is the space of all bounded analytic in ID) functions; 

II • II, I . I norm; since we are dealing with vector- and operator- valued functions, we will 
use the symbol || . || (usually with a subscript) for the norm in a functions space, 
while I • I is used for the norm in the underlying vector (operator) space. Thus 
for a vector- valued function / the symbol ||/||2 denotes its L^-norm, but the 
symbol |/| stands for the scalar- valued function whose value at a point z is the 
norm of the vector f{z); 

( • , • ) inner product in a Hilbert space; 

vector-valued Hardy class with values in E] 

^W-^Et, class of bounded functions on the unit circle T whose values are bounded opera- 
tors from E to E^; E and E^ here are some separable Hilbert spaces. Note, that 
E^ is not the dual of E, which we denote by E*. 

^E^-^Et operator Hardy class of bounded analytic functions whose values are bounded 
operators from E to E^; 

||F||oo := sup \F{z)\ = esssup|F(0|; 

Throughout the paper all Hilbert spaces are assumed to be separable. Wc always assume 
that in any Hilbert space an orthonormal basis is fixed, so any operator A : E ^ E^ can be 
identified with its matrix. Thus besides the usual involution A i-^ A* {A* is the adjoint of 
A), we have two more: A i— (transpose of the matrix) and A^ A (complex conjugation 
of the matrix), so A* = {A)^ = . Although everything in the paper can be presented in 
invariant, "coordinate- free" , form use of transposition and complex conjugation makes the 
notation easier and more transparent. 

We also assume a "linear algebra" notation. A Hilbert space E will be treated as a space 
of column-vectors, and its dual E* (with respect to the linear duality, without complex 
conjugation), will be identified with the space of row vectors. 

We will also identify a Hilbert space E with the space of operators £, ^ E\ then for a 
vector V symbol v* denotes the linear functional (-ju), so the inner product (n, ?;) can be 
rewritten as (u, v) = v*u. Again, this is in complete agreement with the stadard notation 
accepted in linear algebra. 

Finally, we will use symbol E^ to denote an auxiliary Hilbert space. The reader should 
not confuse it with E* which is the dual of E (the space of row vectors) . 

0. Introduction and main result 

The paper is devoted to the following problem of ideals: given a functions /i, /2, • • • , /m ^ € 
H"^ find when r belongs to the ideal generated by /i, /2, . . . , /n, i-e. to find when there exist 
functions gi, g2, ■ ■ ■ , gn & H°° solving the Bezout equation 
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Using vector notation we can define f{z) = {fi{z), f2{z), . . . , fn{z))'^ € C" =: E, g{z) = 
{gi{z) , g2{z) , . . . ,gn{z)) E E*, so the Bezout equation is rewritten as g{z)f{z) = t{z). Clearly, 
the condition 

\r{z)\<C\f[z)\ VzGD 

is necessary for the solvability of the Bezout equation. However, this condition, as it was 
shown long ago by Rao is clearly not sufficient. 
One can ask if a stronger condition 

\T{z)\<C\f{z)Y' VzGB 

for p > 1 is sufficient for the existence of 5 E H°° , gf = t. it was pretty soon (in the 
beginning of 80's) understood that this condition is sufficient if p > 2, and it is not sufficient 
if p < 2. The question about p = 2 (the so-called T. Wolff's problem) remained open for 
almost 20 years, until is was recently settled by the author in [K]; it was shown there that 
for p = 2 the condition is also not sufficient. 

One can consider a bit more general question, namely to ask for which non-decreasing 
functions (f the condition 

|r(z)| <(^(|/(z)|) VzGD 

implies the solvability of the equation gf = t. 

In [8] K. C. Lin had shown that the answer is affirmative for functions 

V^(-) = (In .-1)3/2+. ' - > 0- 
Then it was shown by U. Cegrell [4J that the answer is affirmative for 



(In s - 1 ) 3/2 (In In s - 1 ) 3/2 In In In 



-1 



s 

This result was recently improved by J. Pau, [12], who proved that one can take the function 

(In s~-^)^/2 In In s^^ 

The exponent 3/2 in (Ins^^)'^/^ always did not look right to the author, the reason being 
the known estimate in the corona problem. 

Namely, it was known for some time, that if 1 > |/(2)| > S > then one can find g € H'^, 
solving gf = 1 and such that \\g\\cxi < C6~^ ln6~^ (this result first appear in the unpublished 
preprint by A. Uchiyama [20], see [11] for the modern treatment). And it was understood, 
at least on the level of heuristics, that there is a connection between estimate in the corona 
problem (equation gf = 1) and the problem of idealsQ So, it was a reasonable to guess that 
the critical exponent for lns~^ should be 1, and not 3/2. 

The theorem below, which is the main result of this paper shows that the critical exponent 
is indeed at most 1. 

Theorem 0.1. Let Tp : he a hounded non-increasing function such that 

ip{x)dx < 00, and let the function (p : [0, 1] — > M+ he defined as 



-'^This connection was rigorously used in [16) . where to prove that the answer is negative for <^(s) = it 
was shown that the estimate in the corona problem cannot be better than CS~^ in In 5"^. Moreover, it can be 
seen from the proof in [16] that the answer is negative for any (p such that Iims^o+ 'fi{s)S~'^ lnlnS~^ = 0. 
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Then for all f G H'^ , \\f\\oc < 1 and r G H°° satisfying 

\T{z)\<^{\f{z)\ VzGB, 
there exists g G sitc/i that gf = t. 

Remark 0.2. It is clear, that only behavior of (p near (i.e. the behavior of ip at oo) is essential 
for the conclusion of the theorem. This shows, in particular, that the assumption that ip is 
bounded is not a restriction; we can always assume that without loss of generality. 

Remark 0.3. Let ip behave for large 

1 



iIj{x) 



j;(lnx)(ln2 x) . . . (ln„_i x)(ln„ ' 

Then it clearly satisfies the assumptions of the theorem, and the function ip behaves near 
as 



(p{s) 



s^ 



(In s-2)(ln2 . . . (ln„ s-2)(ln„+i s-2)i+- ' 

Remark 0.4. Note, that is is sufficient to prove Theorem 10 . II onlv for inner functions /, i.e. for 
/ such that |/(^)| = 1 a.e on T. Moreover, it is sufficient to prove it for the so-called co-outer 
inner functions /, i.e. for such / that the entries of / do not have a common inner divisor. 
Indeed, let / = f\fo be the inner-outer factorization (see Section 11.11 below) of the function 
/, and let be a common inner divisor of entries f^ of /. Define /i := fi/9, f2 = Ofo (note 
that /2 is a scalar-valued function and that ||/i(^;)||oo < 1 because ||/||oo < !)• Then 

9^(|/i/2|) = |/i|V2|V(ln(|/i/2r')) < |/iP|/2|V(ln(|/i|"')) = |/2|V(|/l|), 
so for r from the theorem 

K^)l< ^(1/(^)1 <l/2(^)lV(l/iWI)- 

Therefore 

|r(.)//2(z)|< 1/2(^)19^(1/1(^)1) <V^(|/i(^)|). 
Assuming that Theorem 10.11 holds for functions / which are inner and co-outer, we get 
g G H^t such that gfi = t j f^ which implies gf = t. □ 

1. Reduction to the main estimate 

In this section we show that the existence of 5 G H^t. satisfying gf = t follows from the 
boundedness of some bilinear Hankel form. The rest of the paper will be devoted to the proof 
of this estimate. 

We start by expressing the problem in more geometric terms. But first let us quickly 
remind the reader some facts about operator- (matrix-) valued analytic functions. 

1.1. Functions in H^_^^ and their inner-outer factorization. The fact presented here 
are well known and can be found in monographs [7J, 9j, [lOj. 

Let us recall that a function F G H'^_^^^ is called inner if F*{z)F{z) = I a.e. on T (i.e. if 
its boundary values are isometries), and it is called outer if the set FH^ := {Ff : / G H^} 
is dense in Hj^^. 

By the famous Beurling-Lax-Phillips theorem any z-invariant subspace £ C H^, z£ C £ 
can be represented as QHj^^, where G H^^^^ is an inner function, and such inner function 
is unique up to a constant unitary factor on the right. 

If for 2 inner functions @iH^_^ C 02^^^ C H'^, then G2 is a left divisor of Bi, i.e. Gi = 
02^, where G H^_^_^^ is an inner function. 
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Every operator- valued function F G H^_^ admits the inner-outer factorization F = FiF^, 
where F[ G H"^ is an inner function, and F^ G H"^^^ is an outer. This factorization is 
unique up to constant unitary factors (on the left of F^ and on the right of -Fj). Moreover, 

dos{FHl} = F,Hl^^ 

And finally, F G H'^_^ is called co- outer if the function F'^ (or, equivalently, the function 
z 1-^ {F{z)*) is outer. 

All these definitions are much easier to understand for the columns / G = H^_^^. 
Namely, inner functions are exactly the functions / such that |/(-z)| = 1 a.e. on T. The 
outer fo part of a function / G is a scalar-valued function defined by 

Uz) = exp In 1/(01 dm(0} . 

A function / G H]^ is co-outer if it cannot be represented as / = fi6, fi G H^, 6* is a scalar 
inner function, i.e. if entries of / do not have a common inner divisor. 



1.2. Geometric interpretation of the problem. 

Lemma 1.1. Let f G H"^ be an inner and co-outer function (note that in this case \fiz) \ ^ 
for all z GlD) and let r G H'^ . Then the equation gf = t has a solution g G i/^* if and only 
if there exists an operator-valued function R G H^^^, such that 

R^ = tR, Rani?(z) = span{/(z)}, Vz G {z G B : t(z) / 0}. 

Remark. The condition R? = tR means simply that the values of V{z) := t{z)~^ R{z), 
defined for {z gB> : t{z) ^ 0}, are projections (not necessarily orthogonal) onto span{/(z)}. 

Proof of Lemma One direction is trivial. Namely, let gf = r. Define R = fg. Then 
= fgfg = frg = rfg = tR. 

Let us prove the opposite implication. Assuming that there exist an operator-valued func- 
tion R satisfying assumptions of the lemma, let us construct the solution g. 

For any projection V{z) onto span{/(2:)} we have Vf = f, so Rf = rf. 

Consider the inner-outer factorization R = RiRo, Ri G H^^^ = H"^, Ro G H'^_^ = H"^,. 
Since Rf = rf, we have 

TfH^ C RH% C clos RHl = RiH^. 

Note, that the inner part of r/ is r;/, where Ti is the inner part of r. Therefore, comparing 
inner parts of r/ and R we get Tj/ = 0R[, where 9 is some inner function (both Ti and 9 are 
scalar- valued). We know that / is co-outer, so 6 has to be a divisor of Ti, Ti/6 G H°°. 
Since Ri = fTi/9 and Rf = rf, 

f{n/9)RJ = Tf. 

Then 

{Ti/9)Rof = T, 

i.e. g = {t\/9)Ro is a solution of the Bezout equation gf = t. □ 
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1.3. Reduction to the main estimate. To construct the function R let us consider the 
orthogonal projection n(z) onto span{/(2;)}. It is easy to see that a function 

r = tU + uv{i - n) 

where V is an arbitrary operator- valued function, satisfies = tR and Ran R{z) = Ran n(z) 
= span{/(z)}0 

Direct computations show that U = f{f*f)-^f* and an = {I -U) f {f* f)-^ f* , so lidli = 
and 

(1.1) (/-n)(an)n = 9n. 

Let hi G H^, and let /12 G (-f^l)"*" (i-e- /12 G -^-f^i)- We get by Green's formula 
j (rn/ii, h2)dm = ^ jj ddirUhi, /la) log ^dA{z) 

T D 

= :^ // d{{Tdu)hi,h2) log ^d^(^) 

B 

Equality (jl.ip can be rewritten as nc?n(/ — 11) = 911, so if we define ^1 := (/ — n)/ii, 
^2 := n/i2, then 

(1.2) j {tUHi, h2)dm = ^ jj d{U{TdU){I - U)hi, /12) log j^dA{z) 

T B 

= ^// 5((ran)ei,6)log^cf^(^) =: ^(6,6)- 

B 

Note, that the bilinear form L is Hankel, meaning that L{z^i,S^2) = L{^i,'z^2)- 
Suppose we are able to show that L is bounded, 

(1-3) mi,i2)\<c\\iihU2h V6,6- 

Then, applying an appropriate version of the Nehari theorem, see Theorem 11.21 below, we 
conclude that there exists a function V G L'^^^ such that 



T 



Recalling the definition of L, see ()1.2p . we conclude that 

/ {Tnhi,h2)dm = [ {nV{I -U)hi,h2)dm V/ii G H^, V/i2 G {H^)^. 

But that exactly means that R := rll — IIV{I — IT) G H°°, so we have constructed the 
function R] 

So, to prove the main result it is sufficient to show that the bilinear form L is bounded, 
i.e. to prove the estimate ()1.3p 



Moreover, it is not hard to show, that any such R can be represented in this form. We do not need this 
for the proof, but it is nice to know that we did not lose anything here 
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1.4. A version of the Nehari Theorem. In this section we present a version of the Nehari 
Theorem that gives us the existence of a symbol of a the bounded Hankel form L, i.e. we re 
going to show that in (jl.3p holds, then there exists a function V € L^^e^ II^IIoo < ||-^^|| such 
that 

Jt 

for ah Ci = {I- n)/ii, hi G and for all 6 = n/i2, /i2 G (^l)^- 

While it is possible to transform the problem so one can apply the classical vectorial Nehari 
Theorem, a version of the Nehari theorem proved by S. Treil and A. Volberg [17j that can be 
applied directly to our situation. 

Let us state this theorem. Let Hi and Ti.2 be two separable Hilbert spaces, let 5i be an 
expanding operator (||5ix|| > ||x|| in TCi and ^2 be a contractive operator (IIS2II < 1) in 
Ti.2 (for our problem at hand we actually will have that Si and S2 are isometrics). We are 
given an orthogonal decomposition of 7^2 = Ti.2 ® ^2"' 82^2 C W^. Let and P_ 

be orthogonal projections in 7^2 onto and Ti2 respectively. Then a generalized Hankel 
operator F, T : Hi 7^^ is a bounded linear operator satisfying the following relation 

(L4) r5i/ = p_52r/ v/e7^i. 

A bounded operator T : Tii Ti2 satisfying the commutation relation TSi = S2T is called a 
generalized multiplier. If T is a generalized multiplier, then operator : 7^i — > 7^^ defined 

by 

Ft/ := P-T/, / G 7^i 

is a generalized Hankel operator. 

Theorem 1.2. (Treil, Volberg [17] j Let Si be an expanding operator and S2 be a contraction. 
Given a generalized Hankel operator F there exists a generalized multiplier T (an operator 
r : 7^1 — > 7^2 satisfying S2T = TSi) such that F = Ft and moreover ||F|| = ||T||. 

We apply this theorem to 

Hi = cloSi|{(/ -U)h:he Hi), 
H2 = clos2,|{H/i : h G and 
7^2" = cloSi|{H/i:/iG(F|)^}. 

The operators 5i_2 are defined by Si = Mz\ni ^^'^ ^2 = Mz\n2 where is simply mul- 
tiplication by the independent variable z. Then clearly, 5*2 = M2\'H2 ^^'^ ^2^2 ^ ^2 

527^+ c nt- 

The bilinear form L, defined initially on a dense subset of Tii x Ti2 gives rise to a bounded 
linear operator F : 7^i — > 7^2^, L(^i,^2) = (r^ii^2)- We want to show that F is a generalized 
Hankel operator, so Theorem 11.21 applies. One can see that on the dense set where L is 
initially defined 

(r5i6,6> = i(^ei,6) = ^(ei,^6) 

= ini, 3*2^2) = (S2Fei,6) = (P-52r6,6>, 

which means that the relation ()1.4|) holds, i.e., that F is a generalized Hankel operator. By 
Theorem 11.21 there exists a multiplier T : Tii Ti2 such that 



^(6,6) = (rei,6) = {m,C2) vei g hi, g ^2 



8 SERGEI TREIL 

As one can easily see, in our case any such multiplier is multiplication by a bounded operator- 
valued function V, whose values V{z), z £ T are bounded operators from Ran(/ — 11(2;)) to 
Rann(z). Of course, we can always assume the operators V{z) : E ^ E hy defining V{z) to 
be zero from (Ran(/ - Il{z)))^ to (Rann(z))-L. □ 

2. UCHIYAMA TYPE LEMMAS AND CARLESON MEASURES 

As it is well known, Carleson measures and embedding theorems play important role in the 
Corona theorem and related problems. In this section we present some embedding theorems 
we will need to prove the main estimate. 

2.1. Carleson measures for ff^. Lemma below is not required for the proof. It is presented 
only to illustrate the idea of "correcting factors" , which will be used later in the embedding 
theorems on hermitian holomorphic vector bundles, see Lemma 12.61 below. This lemma also 
might be of an independent interest. 

The reader wanting continue with the proof, can go directly to Lemma 12.21 

Lemma 2.1. Let M : (— oo,0] [0, 1] he a non- decreasing function such that 

(2.1) ( ^, ^jn ) >0, VxG(-oo,0], 

Then for any subharmonic u G C^(B) fl C(closD), n < and for any h E Hj^ 

^ j M'{u{z))Au{z)\h{z)\'^\og^^dxdy < j \h{z)\'^ M {u{z)) dm{z) 

< j \h{z)\'^dm{z). 

T 

i.e. the measure "^Ai' {u{z))IS.u{z)\ogj^^dxdy is Carleson with the norm of the embedding 
operator at most 1. 

Proof. Let us first assume that in addition h is C^-smooth in the closed disc clos B. Then by 
Green's formula 



(2.2) j \M{u)h\'^dm - M(n(0))|/i(0)p = JJ A{M{u{z))\h{z) \^) log 



dxdy. 



Computing the Laplacian we get 
A (M(u(z))|/i(z)|2) = M'(n(z))Au|/i|2 

+ M{u)\h'\'^ + M"{u)\du\^\h\'^ + 2KeM'{u)du{h' ,h). 

f M M' \ 
The assumption ( ^„ 1 > implies that 

M{u)\h'\'^ + M"{u)\du\^\h\'^ + 2YleM'{u)du{h' ,h) > 0, 
so we get from ()2.2p 

M' {u{z))Au{z)\h{z)\'^ log ^ dxdy < [ \ h{z)\'^M{u{z)) dm{z) 



which proves the lemma assuming additional smoothness of h. 
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Using standard reasoning, i.e. considering discs of radius r < 1 and taking limit as r ^ 1— 
we get the lemma without assuming additional smoothness of h. □ 

The following lemma was presented to the author by F. Nazarov. 

Lemma 2.2 (F. Nazarov, personal communication). Let be as in Theorem \ 0.1\ i.e. let 

tp be a bounded non-increasing function, such that ip{x) dx < oo. Then there exists an 
increasing C'^-function M : (— cxd,0] [0,1] satisfying the assumptions of Lemma \ 1. 1\ and 
such that 

xp{x) <CM'{-x), VxGR+, 

for some C < oo. 

In other words, Lemma 12.21 states that one can always replace an arbitrary function ip 
satisfying the assumptions of Theorem [OTT] by the derivative M'{—x) of a function M satisfying 
the assumption of Lemma 12. 1[ 

Proof of Lemma \2.SX One can estimate 

r-oo ^ 

i:{x) < V(0)l[o,i] + -l[o,r](a:)d(-V(r-)) 

< 6-0(0)6"^ + e / -e-^/"d(-V(r)) =: i^(x); 
Ji r 

here we used the trivial estimate 1[q^^^{x) < ee~^l~^ . Clearly K{x) < N'{—x), where 

roc 

N{x) = eip{0)e'' + e e''/'' d{-i){r)), 2;G(-oo,0]. 



Functions e^/^' obviously satisfy (j2.ip . and this condition (j2.1|) is preserved under convex 
combinations. Therefore, trivially, the function satisfies (|2.ip . 

Function N on (— cxd,0] is trivially bounded, < N{x) < C, so the function M = C'^N 
satisfies the conclusion of the lemma. □ 

The next lemma is not needed for the proof, and presented only as an illustration of the 
application of Lemma 12.11 

Lemma 2.3. Let f € , ||/||oo ^ 1; CLnd let ip be a function satisfying the assumption of 
Theorem \0.1\ i.e. tp be a bounded non-increasing function such that 'tp{x)dx < oo. Then 
the measure 

is Carleson. 

Proof. Direct computations show that 

By Lemma 12.21 there exists a function M satisfying the assumptions of Lemma 12.11 and such 
that 

ipi-x) < M'{x) \fx G (-00,0]. 

Applying Lemma 12.11 with this M and u{z) = ln|/(2;)p we get the conclusion of Lemma 
[231 □ 
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2.2. Embedding on holomorphic vector bundles. Let E{z), z G D be an analytically 
varying family of subspaces of a Hilbert space H (i.e. a subbundle of a trivial bundle), and let 
11(2;) be an orthogonal projection onto E{z). In other words, E{z) locally can be represented 
as E{z) = RanF(2;), where F is an analytic function whose values are operators E^ ^ E 
and such that F*F > 5^1 (but we do not assume a uniform estimate for all 2; G D) 

The projection U{z) can be written as n = F{F*F)-^F\ so dU = {I - U)F'{F*F)'^F*. 
From this formula it is easy to see that the function 11 satisfied the equation 11911 = 0. It 
is not hard to show that the identity 11911 = can be used as an equivalent definition of 
an analytic family of subspaces. However, in what follows we do not need the equivalence. 
Formally we will only assume that 11 is a C^-smooth function whose values are orthogonal 
projections satisfying 11911 = 0. 

To prove that we will need the following lemma. It was proved in [l8j . and we present the 
proof here only for the convenience of the reader. 

Lemma 2.4. Let H be a C'^ smooth function (of one complex variable) whose values are 
orthogonal projections in a Hilbert space. Assume that UdH = 0. Then 



Remark 2.5. Since 911 = (911)*, by taking conjugates we get the following identities for 911: 

(9n)n = (/ - n)9n = o, 9n = uBu = (9n)(/ - n). 

Proof of Lemma \2.4\ Using the identity 11 = 11^ we get 

9n = du^ = (9n)n + udu = (9n)n, 

because UdU = 0. Thus we have proved that {dU)U = dU. The identity {dU){L - n) = 
follows immediately because 

(9n)(i - n) = 9n - (9n)n = 9n - 9n = o. 

The identity (/ — 11)911 = 911 is an immediate corollary of the hypothesis 11911 = 0: 

(/ - n)9n = 9n - udu = 9n. 

Let us now prove formula for AH. The taking the adjoints of both sides of identity 
9n = (9n)n and using the fact that (dU)* = 9n we get 

9n = (9n)* = n(9n)* = n9n, 

so 9n = n9n. Applying 9 to both sides of this identity we get 

99n = 9n9n + n99n 

= 9n9n - 9n9n + 9n9n + n99n 
= 9n9n - 9n9n + 9 (n9n) . 

Using the hypothesis that 11911 = and the fact that 911 = (911)*, see above Remark 12.61 we 
get the final identity. □ 

We are interested in embedding theorem for functions of form (^{z) = Il{z)h{z), where 



Note, that such functions are dense in the set of all antiholomorphic (with respect to 
covariant derivative) sections on the hermitian (holomorphic) vector bundle. We do not use 
directly this fact in the proof, but this remark might help a reader with the background in 
geometry to understand better what is going on. 



(9n)(/-n) = o, 9n = (9n)n = (/ - n)9n 
An := 99n = (9n)(9n)* - (9n)*(9n) 



and 



(E). 
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Lemma 2.6. Let a function M satisfies the assumptions of Lemma \2.1\. and let u < be a 
subharmonic function satisfying Au{z) > \dll{z)\'^ . Then for all of form ^(z) = Il(z)h(z), 
h £ H'^{E) the embedding 

I J e^(^)M'(u(z))|an(z)p|e(z)plog^dxdy < J e""^'^ M{u{z))\^{z)\'^ dm{z) 

B T 

< / \az)\^dm{z). 

T 

holds. To avoid discussion about boundary values we assume here that H and h are continuous 
up to the boundary. 

Proof. Applying Green's formula to the integral fj B{u)\^{z)\'^dm where B{u) := e^M{u) 
we get 

(2.3) / B{u)\az)\^dm- Biu{0))\mf = [[ A(i?|ep) log ^ dxdy. 

Jj J Jd \z\ 

Let us first compute the Laplacian. We get 

d{B\^f) = B'du\^f + B{d^,0 + BitdO. 
Note, that the identity (911)11 = 911 and the fact that dh = imply that 

= d{Uh) = {dU)h = {dU)Uh = idU)^. 
Using this and the identity 11511 = we get 

so 

d{B\C\') = B'du\C\^ + B{tdO 
Taking d derivative of this equation and using the identity 9^) = we get 

AiB\^f) = B'Au\^\'' + [B"\dum^\'' + 2Re{B'du{dtO) + B\d^f] +B{^,AO 
To handle the term {(^, A^) we take the d derivative of the equation 5^) = to get 

so A^) = — = — |(5n)^p. Thus we can rewrite the Laplacian as 

(2.4) A{B\^f) = B'Au\^\'' + [B"\du\^^f + 2Re{B'du{dtO) + Bmf] 

-B\{dU)C\\ 
The expression in brackets is just the quadratic form 

{{b' b"){(b!)c)\(b!)c))^ 

(B B' \ 
Q„ ) > 0. Recall that B{u) = e'^M{u), so B' = e"(M + M'), 

B" = e"(M + 2M' + M"). Note that M,M',M" > 0, so to show positive semi-definiteness 
we only need to check the determinant, which is 

e^" {M(M + 2M' + M") - (M + M'f} = e^'^ {MM" - {M'f] > 
The last inequality, together with M" > 0, follows from the fact that ( ^„ j > 0. 
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We can also use the inequality Au > \dll\^ to estimate the difference 
5'An|ep -S|(5n)eP > e"{(M + M')AM|ep -M|9np|e|2} > e"M'(n)Atx|ep. 



Therefore we will get from ()2.3p 

J B{u)\^iz)fdm> jj e"M'(u)An|eplog^dxdy > jj e"M'(n) [Onp log ^dxdy, 

T B D 

whicn proves the lemma. □ 

Lemma 2.7. Let 11, M, u he as in Lemma \2.(A and let g G H°° , \\g\\oo < 1 be continuous up 
to the boundary and has finitely many zeroes in B. Assume that 

\g{z)\ < e"(^)M'(u(z)). 

Then for any ^ of form = Ilh, h € H'^{E) (we again assume that U and h are continuous 
up to the boundary) we get the embedding 

^ J \d(g^O\'^ log dxdy < 2 J \C{z)\'^dm{z). 

D T 

Remark. Let us say few words about interpretation of the integral in the left side. If f{z) ^ 
we can say that in a neighborhood of z g^l'^ is a branch of a square root. It is easy to see 
that the expression |f?(^^/^i^)| does not depend on the choice of the branch. And of course, 
in the integral we ignore the points where /(z) = 0. 

Another, more "high brow" explanation is that the function defined on its Riemann 

surface. Then the function is defined on this Riemann surface, and it can be 

pushed back to a single- valued function on the disc D. 

Proof of Lemma 2.7 Let us define r/ := g^/'^i, and apply the Green's formulaH 
(2.5) j |r?|2dm-|ry(0)|2 = ^ jj A(|r/|2) log ^d^(z) 

T D 

Computing the Laplacian (cf (|2.4|) with B = 1) we get 

A(|r/p) = |5r?|2-|(9n)r/p. 

Substituting it to (|2.5p we get 
2 



vr 



jj \di]\'^ log ^^dA{z) < j \r]\'^dm + jj \ {dll)r]\'^ log ^^dA{z) . 



Noticing that 

|(9n)r/|2 < lanpl^l < e^M'{u)\dIi\''\i\\ 



'^There is a delicate moment here to justify the formula, because the Laplacian A(|?7p) is not defined at 
zeroes of So one essentially needs to repeat the proofs of the Green's formula. Namely, one needs to apply 
the identity //g((7Ay - VAU)dA = JgciU^ - V^)dm with U = \og^ and V = \rif. The domain G 
here is the unit disc D without small discs Dj around zeroes of g and a small disc Do around the origin. Since 
the gradient VV^ is bounded around zeroes of g (although it is not defined at zeroes of g), the integrals ... 

tend to as we shrink the radii of Dj. The integral /g^^ ■ • • tends to —1^(0), so shrinking the radii and taking 
th limit we get the equality that looks exactly like the classical Green's formula. 
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and applying Lemma 12.61 we can estimate the second term as 

^ JJ \{dU)rjf log ^^dA{z) < j \i{z)\'^dm{z) 

D T 

which proves the lemma (because |??| < |^|)- D 

Corollary 2.8. Let f G Hf, \\f\\^ < 1, \f{z)\ / for all z e B, and let U{z) be the 
orthogonal projection onto span{/(2:)}. 

Let if) : M+ — s- M+ be a bounded non-increasing function satisfying ijj{x) dx < oo. Define 
ip : [0, 1] R+ as 

f{s) = s^V(lii s^^), 
and assume that t G H°° satisfies \t{z)\ < ^{\f{z)\). 
Then for any ^ of form ^ = Ilk, h G 

(2.6) |Tl|5n|2|eplog^dA(z) < I lepdm, 

D T 

(2.7) ^JJ |5(7V2e)plog^dA(z) < 2 J lepdm. 

D T 

Moreover, for all C of form = (/ — Il)h, h G 

(2.8) \T\\dn\'\C\Hog^^dA{z) < I \(\^dm, 

D T 

(2.9) ^JJ |5(ri/2c)|2log^dA(z) <2j \C\^dm. 

D T 

Here again, to avoid complications with the existence of the boundary values, we assume 
that the functions H and h are continuous up to the boundary. 

Proof. Direct computations show that 

,.j,,2_ \mfv-\{fj)\' 
' ' \f\' 

Probably the easiest way to see that is to treat everything in non-commutative settings, i.e. 
consider the case where / is an arbitrary operator-valued function. Then 11 = f{f*f)~^f* 
and 

dn = {i-n)f'{f*f)-'f*. 

The operator dll{z) is in our case a rank one operator, so its operator norm coincides with 
its Hilbert-Schmidt norm. The latter can be computed as 

\dn\l^ = |/'(/7)-Vll, - |n/'(r/)-Vll, = -jjp - ^JY^■ 

On the other hand, for u{z) = log |/(^;)P 

This is not a coincidence, because in our case 1 911(2;) p is up to the sign "— " the curvature 
of the corresponding holomorphic Hermition vector bundle. And the same curvature can be 
computed by taking the Laplacian of log |/|~^. 
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As it was shown in Lemma [ 



tpix) <CM'{-x), XGM+, 

where M is some function satisfying the assumptions of Lemma 12.11 (and so of Lemmas 12.61 
12^1). 

Then, for u = log |/p we get 

M<^(|/|) = |/|V(ln|/|-2) 

= e''^p{-u) 
< e"M'(n), 

so we are now in position to apply Lemmas \2.^\ 12. 7[ Namely, 

- If |r||9n|2|e|2log^dA(z) < - [[ e"M'(n)|9n|2|e|2log^dA(z) < [ \^\'^dm 

J JV) \z\ '^JJo \z\ J 

T 

where the last inequality follows from Lemma |2.6[ The estimate (|2.7p is obtained by imme- 
diate application of Lemma 12. 7[ 

To prove the other 2 inequalities, define Q = I — H. Clearly, Q is projection onto anti- 
analytic family of subspaces, namely it satisfies QdQ = 0. Then Q{z) is a projection onto 
analytic family of subspaces. Note also that dQ = —dH, so 

\dQ\ = \dQ\ = \dU\. 

Therefore, change of variables z h^z reduces ()2.8p . (|2.9p to the estimates ()2.6p . ()2.7p . which 
we already proved. □ 

3. Main estimates 

To complete the proof of Theorem, we need to show that the bilinear form is bounded, 
i.e to prove the estimate ()1.3p . 
We want to estimate 

^(^1,6) = IJJ d{T{dm,,a) log^^dAiz) 

D 

where = (/ - U)hi, hi G H^, ^2 = n/i2, 7i2 G zH^. 

Define r/i := r^/^^i, r]2 := t^^^ £,2, both functions are defined on the Riemann surface of 
r^/^. Note, that if z^ is a point on the Riemann surface corresponding to a point 2; € B, then 

{(du{z))miz%m{z^)) = (r(z)(5n(z))ei(z),6(^)). 

In particular, this expression does not depend on the choice of corresponding to z G D, 
i.e. on the choice of the branch of r^/^. 

Let us rewrite L(^i,^2) in terms of rji, r/2- To shorten the notation let us denote the 
measure ^ log ^dA{z) by /i. Then 

^(6,6) = / d{(dn)rjr,r,2)dfi 
Jo 

{AUr,i,rj2)dfi+ [ {(dU)dm,V2)dn+ [ {(dU)rji,dr]2)dn 

:= I -MI -MIL 
We claim that the first integral disappears, / = 0. 
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Lemma [2^ gives us 

ddU = dUdU - dUdn. 

Then 

I = / {ddllrii,r]2)dii 
Jn 

= [ {dUdUr]i,rj2)dfi- [ (dUdUrji,rj2)dn 
Jo Jo 

= [ {dUrji , dnrj2)dfi - [ (anr/i , dUr]2)dfi = 0. 
Jo Jo 

Using Lemma EH we have that dUrji = dll{l — n)r/i = 0, dllr]2 = 511117/2 = 0, and {dny 
dH, so the both summands disappear and 1 = 0. 
Let us estimate IL 

|II|< / \dU\\rj2\\dvi\di,<( [ \dU\^\7j2\'dfi) ' ( [ \dm\'di,^ ' 

Jo \Jo J \Jo 

Using (|2.8p from Corollarv 12.81 we get 

/ |9n|2|r/2|2d/i= / \d^\M-\i'A^dii< [ \^2fdm, 

Jo Jo Jt 



and by ([27 

[ \dm\^dfi<2 [ \^i\^dm. 

Jo Jt 

The integral III is estimated similarly, one needs to use (12. 6[) and (12. 9[) in that case. □ 

4. Concluding remarks 

The author is grateful to F. Nazarov for helpful discussions, especially for introducing 
Lemma l2.2[ which has allowed greatly simplify the statement of the main result. The author 
is not sure whether this lemma was known before, but the statement and the proof presented 
in the text belong to F. Nazarov. 

There were 2 crucial new ideas in this paper that had allowed us to get a better result. 
The first one is a more careful estimate of the Carleson measure. Namely, it is well known, 
and was used in the prior work on the subject, that if n is a bounded subharmonic function, 
then the measure Au{z) In ^ dA{z) is Carleson. The new idea here is that one can get similar 
result for unbounded subharmonic u by multiplying the measure by an appropriate correcting 
factor, see Lemma l2.1l in the paper. While Lemma |2 . 1 1 itself is not needed for the proof, the 
idea of introducing correcting factors works for the embeddings on Hermitian vector bundles 
which we use in the proof, see Lemma 12.61 

The second idea is to use a more geometric approach to the problem (see Lemma 11.11 
above), motivated by a surprising lemma by N. Nikolski connecting solvablity of the corona 
problem with the existence of a bounded analytic projection, see Lemma 0.1 in [18]. This 
approach had allowed us to estimate only embeddings involving the curvature term 

AMI/MI-)^ i^i'i^'i,;/^-^'"' . 

while in the prior approaches, based on modifications of T. Wolff's proof of the Corona The- 
orem, the embeddings involving were also required. Such embeddings apparently 
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do not admit as good estimates as the ones with the curvature, which accounts for the extra 
1/2 in the exponent at lns~^. 

4.1. A conjecture and an open problem. The statement of Theorem 10.11 looks hke it is 
a final answer, so we conjecture that this theorem is sharp. Namely, let > be a bounded 
function on [0, 1] such that tp{s)/ is an non-decreasing function. Any such function can be 
represented as (p{s) = s^ilj(\n. s~'^) where '0 ^ is a bounded non-increasing function on 

Conjecture 4.1. If Lp{s) = s^ipilns'"^) where t/j > is a bounded non-increasing function 
on R+ such that 

I il){x)dx = oo. 
Jo 

Then the condition 

\T{z)\<^{\f{z)\), VzeB 
does not imply that the equation gf = t has a solution g € H^^, . 

An interesting open problem would be to find a necessary and sufficient condition for 
the problem of ideals (the solvability of the equation gf = r). While it is pretty obvious 
that a size condition of the form \t{z)\ < fi\f{z)\) cannot be necessary and sufficient, the 
author still hopes that it is possible to find a necessary and sufficient condition in terms of, 
say, Carleson measures. For example, that some measure constructed from the curvature 

Aln(|/(z)|2) = l ^ l ' l ^' l ^'J^-^'-^'^l' and r should be Carleson. 

The results of such type were obtained recently in [1^, where a necessary and sufficient 
condition for the solvability of the operator corona problem (left invertibility in H°° of an 
operator-valued function F) were given. These condition were exactly the estimates on 
the curvature, namely the conditions that |5n(z)| < C(l — l^^l)"^ and that the measure 
I dU{z) P In dA{z) is Carleson. 
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